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1. •• A I 
(l ' Abstrac.t 
The effects of transverse vibrations upon a double-canti-
1.ever crack are studied. On the basis of elementary beam ,..., ' 
·'1 
theory, the problem is solved for the case of a simple harmonic 
oscillating shear force applied to the free end of each of the 
cantilever arms, while the application of an osci,llating d·e-
flection may be treated in the same ~ay. 
" ' ... J 
The critical load for fracture to occur is then determined 
· from the Griffith energy criterion, and is found to vary sen~ 
sitively with the circular frequency. Depending upon the 
energy of dissipation, the critical load· is minimum at natural 
frequencies. These minimums decrease with successively in-
creasing natural frequencies. Between each two natural fre-
. quencies the critical load peaks beyond the static load. These 
peaks increase monotonically with frequency. 
Discussed briefly also is the case of a running crack. 
··, 
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Introduction ' '....... ,-, 
The mechanic.s of brittle fracture of ·a cleavage crack was 
investigated in some detail by Obreimov [1] 1 and Benbow and 
,, 
Roesler [2], particularly the experimental characteristics of 
cleavage. Further detailed analysis under static loading con-
ditions was given by Gilman [3], and Berry [4], who .corrected·· 
-S om e e r r o rs i n [ 3 ] , a n d e x p a n d e d t h e d e t a i 1 s o f t h e a n a l y s i s , -
but still restricted the loading to be static. Considering 
that many environmental conditions are not static, but dynam-
ic, it is necessary to extend the analysis of the cleavage 
crack to include transverse vibrations of the arms of the 
. 
. . 
-- c r a c k , w h i c h s e ems p a r t i c u l a _r 1 y i mp o r t a n t i n t h e 1 i' g h t o f th e 
extensive use of crystals and other brittle materials in the 
aero-space industries. The present analysis will be limited 
to simple harmonic oscillations, though a detailed study could 
also follow in the area of random vibrations, statistical 
. 
. studies, and impact loading, which may be even better approx-
\/, . 
i~ations to the conditions faced in practice. 
- This· dissertati-on is primarily concerned with analyzing 
I---'-----------··---- - .. 
the effect of oscillation on the critical load applied to a 
double cantilever crack model, but discussion also includes 
.- __ ;·---~····'.--c.~,-------------the case of os ci 11 ati ng displacement loading. 
·a in brackets [] refer to references on page 39 • 
. 
•• : 1-•- •,; 
,' .\·,J;-
. ' 
-- '2· ···'~-.' .,_ .... < 
(j,•.• ,,-''; ··- -···- _:.--... -•--~·-,-..,r'--·--·--- ---·--··-···- ··-··-·-·-·-~--·-··· ....•.. 
=,!--=-··_.-:-:::.-.. ·- -··· - ,.- -·•.C"""-'-'-•---
: \ 
\ . 
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' ·, .. 
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. I , 
,. I 
An area receiving much attenti.on is the disturbance of 
cracks by waves impinging on the crack. It has been found 
> 
t~at the direction of a moving crack is influen·ced by the 
passing wave. These ultrasonic vibrations exist more commonly 
now as technology advances,.and its effects upon fracture 
must be analyzed in great detail. The present paper is not 
intended to go into such consi_derations, but does discuss, in 
part, on the ba~is of an energy balance, the effects of lower 
level vibrations on the moving cleavage crack. A much more 
detailed discussion on the moving crack under static load is 
considered by Craggs [5], and Sih [6] discusses the effects 
of vibrations (impinging waves) on stationary and moving cracks 
in: elastic med.ia. 
- - - - ----- -....- - ~- • • • - • • • • -~--,.,--,--,--,--,-.,...,..,-,---,..,,,--,-~.-:-:--, •• -~ ••. ·.C--:-. • ---:-:-•. :-,-. • --:-:,-:--,....,..,,--~---'---
.·tr. 
·--~. -~ 
... --·---···-· -·"--:·-·- -· 
-~ 
... .,1· ' 
,, 
,- ·_,. ' · ... _ --~ 
.. 
' ' 
. i, . ' '... .i ' 
,. ·.' . 
I 
I. -· " . , . \.. , \ 
;· 
' ~~-.· ' 
. ' ' - .... i ' -
'\ - .· \ J· 
· . 
: . ' .-- . . " ,. 
.. 3· . 
. -·~- .... - ·.·· 
·. •,. ' 
1 
' 
.. ..--r' 
___ r 
~:...,.. .... ,_.;_,_.~,.~,· ·'· .. ·.- -.. ··· ,··,··' · · ·· ; ,'. _·-.,.·r,,,· · .. ,. • -.- ·<· ,--·- --~ ,. •. ._,_,. ...... -.~----'~- .... -._ .,·-, · 
' ,,I 
' i 
Part I ,. 
---;, ..... 
Oscillating Shear Load - Linear Equations ' ~ . . 
A •. Equation of Motion 
··1 , 
. The type of specimen under study is shown,:· in Figt.fre I. 
Because of the symmetry of loading, the cantilever arms at the 
tip of the crack which is of length a, act as if "built in". 
· Furth-er , by ass um i n g h / a to be s ma 11 , each a rm , ha vi n g w i d th 
b, may be analyzed as a cantilever beam, based on the elemen-
tary beam theory. The initial coordinate axes haYe their 
• j. •• 
, ·origin at the.crack tip, with x increasing along the len~.th 
fl-
l . 
,, .. 
····--·--:-·-··- .. __:.:.,.__,.~ ..... , ·-..:: ---· --· -
-i -. 
of the crack. Equal and opposite oscillating shear forces 
are applied to the free end at x = a. Here, w is the circular 
frequency. .., 
If ·w(x,t) is the transverse displacement, Timoshenko [7] 
shows that the general equation of motion of the beam, cor-
-
rected for shear and rotary inertia, takes the form 
( 1 ) 
---·- ·--·----------
---------- -----
-----------
in which 
1 \ E is Young's modulus 9 
l is the second moment of area, 
~""'-· "'· 
--:-:- :·::~ 
' 
·p 0 is the density of the beam,. 
I·· , 
A is the cross sectional area~ 
'· .. ,1 ' 
~4- . ,, .· . ,·, ... '', 
. - --- . ·------ .. 
• 
,_---'"" _ • •·- - • or • ,, ·•- _ •- .::..---:-••• _, .:..;_ 
. ·- ____ ,, -·--,---,·--, ,., . ,-.-,' ....... ----.--·-··-----···---·~---·--~- -· ......... . 
' !· 
\ 
( 
. ' 
'· 
·- '""l 
). denotes a constant dependent upon the shape of the 
section, ·,, cross 
-
and - ' ' ' I ' ' ' ' ,t, . ·, '· ' -.. 
. . 
-
.. 
' ' 
G • the modulus of rigidity . 1S 
'\ 
The effects of the corrections appear primarily at rela-
tively high frequencies, and are also necessary for short 
beams of large cross section\ 
., 
Herein, the discussion will be 
limited to a cantilever :a·r·m of sufficient length such that . 
equation (1) may be simplified to the form 
'1 
' 
Consider the product solution 
w(x,t) = W(x)coswt 
so that (2) becomes 
d4W a4W = 0 dx·4 -
where 
(2) 
( 3). 
:( 
(4a) 
- --·--· ----,.--____:_--------~ 
----· ,_.,"., '--·: :_. ·-· e • ~ - • ••• •• :.,.:.. •••- • 
. .· 
· •-.and 
. ' 
. ' 
- : "• - . 
''. '~. . .. :.: 
.. 
. t 
.. l t, . 
( ·4b) -
. ' --··--,.a.- . . -- -- .:.... - -- -·,,. "' - . 
·' 
.... 
' • • I ' : - . 
! ~ : . 
1-: . . . ., . . . . 
I•.' ' 
\ : ',,. ' ' ' 
' . 
... ..., . 
,,.. ' 
.. 
' ' 
. I. 
' . 
' ', ' I C ' '" i' ~, - "I' 
.. 
-- -;-
:.· l.,~ 
~ .. 
and 
·· The b O Un d a r y CO n d 1 t i On S f Or the Cant i l e Ve r a~r~e : 
w(O,t) = 0 (zero displacement at fi-xed end), 
---.--· 
-
aw = o (zerri slope at fixed end), ax 
x=Q . , 
-··, 
·· a2w EI axz = 0 (zero moment at free end), , 
x=a ~ 
a3w EI ax 3 = Pcoswt 
. , , '. ' L, ·, ( 5, a ) 
(-Sb) 
(Sc) 
( 5d). 
w h i c h g i v e s t h e o s c i l l a t i n g s h e a r 1 o a d a p p 1 i e d t oij t h e c r a c k 
arm. Laplace transforms provide a ready solutiq,n to (4), and 
.. 
inclusion of (3) and the boun·dary conditions (5) leads to the 
· displacement solution:. 
\ 
· . Pcoswt 
w ( x ' t ) =. 2 E I a 3 ( 1 + c o s a a c o s h a a } { ( 5 i n h a a + 5 i n a a ) 
. . .•. ... .. ~ 
x (coshax ~ cos~x) - (coshaa + cosaa) 
~-----,-~--------~, .. ' -'-:c--' •. ~---,...,-~--'-------------··. 
' . 
. . 
I.., 
-F· 
.... , 
-
· x (sinhax - sinax)} (6) 
___ :_ : -,- ,- ,. · ~ ----- · -- · S i n c e s u b s e q u e n t con s i de r a t i o n s w i 1 1 re q u i re th e coo rd i ~ 
.. nate origin at the unsupported end of the· can ti 1 ever '(Figure 
II), replace x by (a-x) in.(6) to get: 
, I -:._,, ' 
' ' ~ '.'.' ·. :, . ·.'- - . 
. ·, . __ );;.·.' ' 
- • ,' • I ~ ' • ' 
·.·\ · 
• -1::\ 
,.:, ,•-· 
. II 
II 
II 
I 
ii 
' I 
' 
. .
• 
. I . . 
.. d \ 
w(x,t) - p cos wt { B [ h { ) cos a ( a - x).] 
- 2Ela3B1 2 cos a a-x -
f 
- B4[sinha(a-x) - sina(a-x)]} ( 7
) 
and at the forced end, (now x = 0): 
Pcoswt 83 
w(O,t) = EI 3 B 
a 1 
( 8) 
where s1 = 1 + cosaa coshaa, 
. ~. 
·•. 
B2 = sinaa + sinhaa, 
. B3 = sinaa coshaa - sinhaa cosaa,
 
····-
~-.: 
., 
'·r J} ·; -
,-- -·· -- . - ~ ....... ·----~'-""•--·-· ---· 
.' ; 
. ' 
and 
B4 = cosaa + coshaa. 
B. Energy Considerations 
To determine the critical value of the load at which 
brittle fracture may occur, the Griffith energy criterion wi
ll 
be used [8]. This basically states that the increase in sur-
f ace · energy due t.o an increase in crack length m·list--t,-e-f?.-a 1-
-----'------
anced by a corresponding decrease in the potential of the 
strain and kinetic energy and the applied force; i.e., the 
energy balance 
,, . 
s = 
------*-· 
U + K + S . ' ;r H ' ', 
.. - .. -·- --
-----
-----
---· -'·----
. ,,----,---- . . 
...,-; .. 
·· .. (9)· .• 
. . . . , 
* .. See· Appendix I for a further rel ati onsh i p .. of E, _ U and K .· 
.:_,··.c: .. ·-·---·-·· . .,·.~ ·~=~~ .. ~. ·---~-~~··'-·'"··"-"·- - 7·-
l 
--·· ~ -~--.- -•---'---'--•- _v ............... _, -~·~;-.c....-_._ -.-.,-,.._,': ''---""'-·""'---'--- •. 
' ·:, .''i 
- ······. ... 
·- -- - •,,- -·---··· 
'I 
.•. '1 
. ] 
I 
I. l 
I • .!---~~~------'--
. . ;i -----·· -----~~----:c:-- ~ -_ ...:__-~===-==----==---,-..;..._____ __ ---'-----~ 
:I 
. :· 1 
/ l 
i L 
-'-----~---·-·--
.c . 
·, 
' -
'-, 
. I ', 
-,-- ---
' . ' 
. . '. .•,.: l 
where 
... .. e; == work of applied force, 
,. 
· .. , .'.;~1;<\ '(, -(i~\t;}t?/\:-·/ii,:·'(·'~~{;t(. 
, 'I 
' I 
- -· .,. 
" 
. ,• 
' . 
'' . 
f ... ' ' ·~-
t j 
,\'1, 
·, 1··-•: 
:U· = strain energy in beam, 
. 
K = kinetic energy of beam, 
and 
S = surface energy of crack surface, 
.. 
-- \] 
,, '. '.,. 
.,,. ' 
-· 
mlfst be di ff.erenti ated with respect to the crack 1 eng~h a. 
l . 
Consequently, it is necessary to compute ·the above quan• 
tities, which may be done quite easily: 
1. The total work done on the system is equal to the 
applied load times the displacement at the point of applica. 
tion, x = 0, 
- (Pcoswt)w(O,t) P2 cos 2 wt B3 (10) £. - • Ela3 B . ' 
. 1 
!'L, .. 
2. The strain • the beam, from elementary s tre-ngth energy 1n 
of materials is expressed as, 
.. _ • 
( 11 ) 
. . ·' . ~-·.. ' ,·.' ··.: _, 
. . ' . . 
--. : \--~·~_;·--·'--:-- -~":"':''"-~-,:-·r.~--:- .. , ... ,,_ - - -- -, . 
~ . . 
and the re·<1Uired derivatives of (7). and integration in (11) 
' ~. 
' --· J(. / 
··yields,-
·;_:. 
. ' 
• I 
.,. 
- ' 
~~ .•., 
- ' - ' 
. i' 
'· 
·1.. 
(- .l~ 
- - - - ' --
~ J .', • • 
.. 
----------c·~\-
•, .· 
"' 
"j 
'! 
: 'i' . 
l. 
\ _·,,,, 
. . ' 
.,·-. 
' '. 
'' 
..... ~. • .. ,·~~.:. ...... 
, .... ~, 
( 12) 
, 3. The kinetic enargy of the vibrating arm may be·expressed 
· ,~.s the·· i ntegra.1, · 
_....]"~ 
( 13) 
; 
and integration of the required terms gives 
(14) 
4. The surface. energy is expressed as 
S = yab ( 15) 
where· y is the energy associated with unit surface area . • 
. ~-
tomputing for the derivatives of -the quantities in equa-
tions (10) to {15) with respect to the crack length, yields 
---- ~------------ ----- ---- --~-- --------.- --- - ·--- --------
' 52 
ae P 2 c·o s 2 w t r 
-
2 
EI a2 irT -.., a.a a, ( 16) 
~ I ~ l 
: I',; 
. !'' 
au P2 cos 2wt [aa(B 1B4 
. 1 .. 
- + 8283) +. B'l 82] 82 1', "'I - 4E1a 2 B3 aa • l 
(17) 
·, . . . ·. ,_.' ·._ . ' 
,·._ ·:.:··--~-· ------·". 
. .. -- -------··-- -~·------ -- ··-- . 
· aK 
-
- -aa 
and 
... 
~ / ;, ~' I ',I •. ·, :·.' , •.• ,. .. ~.·, .• •. '• .. "'3' ' 
. ·, ' 
i' 
,- - - --_ 
as= yb 
aa L ., 
._,,,. 
. ' .. 
. \'; 
'•· .-. 
·which, when subs t i·tut.e.d into · 
• 
, . 
I .. 
' . I 
( 
·1 
.: .. ,) \ 
-- ( 1 9) 
. I 
a£ 
-
a.ti· + aK + as· aa aa aa aa ·~· .. ( 20) 1··. \. 
,, 
.r. and solved---for the cr .. itical load, it is found that 
~· I 
(21) 
t. 
~:1.- , _ ~f:> N o t i n g t h a t t h e s ta t i c s o l u t i on i s re co v e re d a t w = 0 , th e 
"\ > 
critical load may be normalized with respect to the static 
critical load: 
... \ 
PITATIC = 2Elyb/a2 
becoming 
~-
x.:..._ 
'i 
p 2 
[ c~ ] = 2(aa) 2 B13/{B 2 [·s.1s2·(2 cos 2 wt + l) 
· .. PSTATIC 
\ 
. - ~ . 
,., . I. : 
. - . 
Analysis of the Critical Load 
.. 
. ' 
{22) 
(23) 
~ 
L 
I-_., 
. ,,, . ' ' ..!.· ' .. 
-~ - ----~---------
·· ___ -----~~-----· ·· . .-.-~,~~-..-· --~·-- ___ ,. .:.-~-····-----·~- ____ ;.·. :····---- -
Exami.nation of the equation of displacement (7), indi-
I 
. cates that the natural frequencies of the. vibrating arm are 'c 
-10-
--· - ' ' 
:~::. ···.·, . ; ' . .. 
J-
'l.'·, , .. 
. ' l • 
:i. ", ' n ; • 
found by equating the expression 
.·, '·. 
' , - " 
,• 
• ,'"l •• ·-.-. 
-- · .. Bl = l + cosaacoshaa = 0 · . . (24) 
since at such time the displacements become unbounded. 
It is evident then, that the appearance of s1 in the 
critical load equa.tion (23) ,indicates that at any natural 
frequency, the load required to fracture in an undamped system 
nieed only be infinitesimally small. A plot of the variation 
·01f the critica.l load in equation (23) with the non-dimensional 
variable aa is shown in Figure III, in which the unbounded 
,..J 
-' 
peaks between natural frequencies are displayed. 
In rea l'i ty, however, the energy in any physical sys tern 
will be dissipated to some degree, and the peaks in Figure III 
s h o u l d b e b o u. n de d • T h e i n c l u s i on o f t h e e ff e c t o f d i s s i p a, t i o n 
in the equation of motion will be discussed in the section to 
f O 11 ow. 
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Part-II 
· Effects of Inclusion·of Ehergy Dissipation 
A • E q u a ti on o. f Mot i on 
'·. 
. 
.,· 
A basic type of ene.rgy dissipater is t,hat of the viscous.,. 
damper, in which the damping is proportional to the velocity; 
and the term which is to be added to equation (2) is 
(25) 
where c0 is the coefficient of viscous damping, and must, in 
general, be determined experimentally. For the present pur-
pose, consideratiofl of the relative amplitudes of displacement 
at the first natural frequency will be sufficient to obtain 
.:. -- . , 
an estimate of the possible range of values for the coefficierit. 
The equation of motion may be modified to read as 
'. - -~" 
,..; ,.~ 
EI a4w + c aw+ A a2w = 0 ax 4 D at Po at2 
whose solution may again be obtained by assuming 
w(x,t) = W(x)eiwt 
' 
' . < 
-~- .. 
(27) 
' . 
. ·, · · This leads to .:..J..... 
••' ••-••L" -•" ••~•-••• ___ ._.,.--~--- •• • --•- ,.-... ~- - ' I - • I 
-~~ ~ 
' --. '. ·. .
 
• ~,~:~_"··.-"':'--,,~-· -°4""1", ... - ••• :: .• -. 
' 
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. -· --··; --·. 'l'''":: ~-='--""'~''""-""' ..,,...,,.,~--,,--, . ...,._. ___ _, ____ ~-------· .. ., .. _.,_,_ ~- - . - ·• ,.,' 
J .. 4 
i C0w . 
- EI ]W = 0 -
':'" . 
( 28) I' I • -
·:.'· ·.· ,, ' . 
. ' \ . 
' . ·•. ' . 
. ~ . . . \ 
.... , . ' '· 
. , 
' . .. ' 
.,-
_; 
"i:·(~' 'I ' ' 
.. 
·,.· I,,', . 
' i. ,' ... 
._ '··. . ' -, ,, 
' ' .. ,,.. -· 
1-
or \ . 
where· . ·~'.-""':. 
p 0 A a4 w2 - EI 
By letting 
tane -
- -
wC 0 • 
-
,
-EI 
'' ,c • 
. ,, 
'. ;-,·~ 
' _-:- ,.:... 
":-, 
(29) 
(30) 
(31) 
comp 1 ex n urn be r theory indicates ·tha t the four comp 1 ex roots 
of (30) are· given -by: 
•• 1 ... 
.. 
------- -----~-·-------- -
and 
·,. 
-
-- ; a 1 
where · · 
1/4 
. . 
. ,:: ..... · ~ 
rJJa, " 
p Aw 2 0 . 
- B [ ] e cos 4' 
- - ·- . . ... ----- ·-· ,.. . ~-, .... .:.. . .. - -~-- ......... - .. ·--·~ ·-_,_ ..... ~'--
. + .. - .•.. ·•·· -:· ·-····· • . • , . 1 I I ----- ··--- ------,-:.- ·- ------:- -- ... ~- .. 
. oJ. 1 = . E I CO s a -~-· ~. 
' 
.-., .• ,, --VO,•r•·,·•·--• ~ •· ~-•••• - " ·--·•--•-• ••••O 
. ' 
and -
A 2 -· · l /4 
[ Po w ] • a 
.
82= Elcose sin4- ',._ . , \C. 
The solution of e_q_uation (29) is identical to that of 
equation {4); .. and with the same boundary-·-conditions.in effect, -
.. 
along with equation (27), arranging the coordinate system as 
before gives 
_ Pcoswt · 8 [ · h ( ) ( w(x,t} - 2Eia3Bl { 2 cos a a-x - cosa. a-x)] 
- B4[sinha(a-x} - sina(a-x)]l ( 32) 
Note that equation (32) is formally equivalent to equation 
(7), but the parameter a is now complex. It can be easily 
verified that an (n = 1,2,3,4), leave equation (32) unchanged, 
,c..--
s o a may be chosen 
_ ... 
B. The Ctttical Load 
0 
- The form of th~ displacement expre~sio~, equation (32), 
indicates that previously derived expressions for work, and 
strain: and kinetic energies remain valid, and· hence the ex-
pression defining the (normalized) critical load: 
. ,' ... 
,' 
~ . - r- , . 
/" .-. . ' 
p 2 
[ er ]- = 
. ~ST~ATIC 
2(aa)2Bf/{B2[B1B2J2 cos2oot + 1) 
.,,~ ~, ·~~·- • •· -"--.J •--•-' - .., ·• • • _ ....... • -~ '- ·, .·-,., •• _,., , __ .J,:-·-,,·--- .,.,;._~. ·,··. ·,, 
' . . 
. - ' 
....... 
"- aa{B 1B4 + B2B3)]l •' ,· r . . ,, .. ·-·· (33) 
-14-
- l!,, 
,• 
. .' ~· 
• ... ~. •II' 
_,... l 
I'" 
~·· 
., 
- . Ip 
1··.·· 
but where now: 
+ sina 1a sinha 1a sina 2a $inhs 2a 
----
-~ .. ···· 
. ' 1· 
''· 
·: ' '\~-f() 
.. '-,.;:-~~:..: ... 
. ".;-..\· 
,. 
.. ,. ··.,-.,,, _, ,_ - . ,. 
. 
1.ali = Bf ~ a~ = [piw 2 /Eicose] 1/ 2 
' I. 
-15-
' ·~ ' 
. ,. 
(34a) 
. I· 
(34b) 
~-
_J 
.; 
(34c) 
·, (34d) 
. -· - -···--·---·-····· ...... ___ ____,.._,~-I.-·, .. - _,,~-- ~ ~-'--~ ...... -i~;-~-.:...-- ... ~··- --~, ....... ---·,·-······ .. ---··. --··--'·· 
(35) 
~·.· 
• 1, .... 
C .'• ,: ,' ' 
·_· .. : .. ~-. '. 
. ' .•_ ... · .. ' . ' • • - ' , , , ' I 
, . ' . . 
, I~~ 
... Ji 
·--- --.,·' 
'. ·:-·-_:_:~:--:-:-- ------·--·---·--,': ._,: -- -.. -~.:.-
Coefficient of Viscous Damping 
/'. 
I • 
., 
:·,' 
L. 
·There is no simple normalized constant in the critical load 
· expression, so a typical example will be chosen to characterize 
the results: 
Material 
- Steel 
Young's Modulus 30 l 06 • - X ps1 
' Height. of arm 
- 0.50 inches 
Width of arm 
- 2.00 inches 
Specific Weight 
- .490.00 lbs/ft3 
. ··-
Recalling the natural frequencies of the undamped system given 
in Figure III, and equation (4b), the relationship of frequency 
and crack length may be considered at the natural frequencies, 
so that a reasonable sample crack length may be chosen. Figure 
' 
IV_depicts this relationship for the first three natural fre-
quencies, and we choose as the sample crack length a l~'ength·of 
40 inches, because -this permits the first few natural. frequen-
. cies to be low enough to still remain in a range where the 
eqtiation of motion is valid. 
At this point, results may be generalized such that the 
···subsequent figures will have normalized frequencies, using 
a/C 1 as the normalizing factor, a~being the crack length, and 
c1 the shear wave velocity . 
C2 = E/ 
.·, l ·- · Po 
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·J-• 
·· Normalizi.ng the displacements with respect to the static 
--· 
·_ displacement give~ .'.q 
w(x,t) 3 l B [ h ( ) c·oSa(a-x)] 
w(x) = a3B 1 (,a-x)2(2a+x) { 2 cos a a-x -
- B4Esinha(a-x) - sina(a-x)}}. (36) 
. . 
" 
Consideration o.f a wide ~ange of values for the coefficient 
of viscous damping, as seen i~ Figure V, leads to 
0.0070 ~ c0 ~ 0.0160 (lb:seC/in2) 
" ., 
. . ... .,. . 
"'A_•" 
. . ,___, ... ;-' •At- • ' 
as being a reasonable range of values. 
D. Magnitude Characteristics of the Critical Load 
The values determined above for a suitable coefficient of 
·~ . 
. . \ 
viscous damping may now be incorporated into th,e expression for 
the magnitude of the cfitical load, and the variation of the 
·critical load with frequency may be calculated. 
It is found that at each natural frequency, a finite load 
is now required to cause _fractu_re, and this minimum load de-
creases monotonically with subsequent .higher order natural 
frequencies, (Figure VI). The maximum critical loads still 
exist between natural frequencies, and increase monotonically 
with increased frequency (Figure VII). However, caution must 
be exercised in interpreting the results at higher frequencies,~ 
' ') 
since the results were based on the equation of motion (26), ,_,.... ".''- .· '·.·.' 
., 
·-17-
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... 
. . 
' .• 
- "- -,.. - . 
which does not contain any correctiv~ terms for the higher 
frequency ranges·. 
It • of considerable importance to note the similarity lS 
···--· 
- of the first peak (Figure VIII) to that found by Sih [6]. 
The similarity ends with this peak, but that • to be ex-one 1 S 
pected, noting that this system contains an unlimited n,umber .. 
of natural frequencies, while in the.infinite media considered 
_ ... -:.~-. 
by 'Sih, only one exists. There are very definitely, then,: fre-
quencies at which a considerably greater load is required for 
. fracture than that for the static case; in contrast, however, 
it is necessary to recognize the dangers of ·operating near a 
' 
natural frequency, when only a fraction of the static load can 
result in fracture. 
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Part III 
Maximum-Displacement Forcing Function ,· ·:-
, .. 
An alternative lq~ding procedure to consider is that of 
· an oscillating maximum-displacement at the end of the crack 
arms. The differential equation of motion is the same as in 
the previous part, and the only change in boundary condition~ 
· is that the fourth one·becomes 
w( a, t) = ocoswt 
. .. 
The solution for the displacements is (aga_in repl·a·cirig ....... x by 
a-x) 
w{x,t) oCOSwt [ ) = 2 B { B 2 . cos ha ( a - x. .. -3· cos a ( ·a - x ) ] 
.,.,1. 
- B4[sinha(a-x) - sina(a-x)]} (37) 
~,. 
·- . .r-
where B1, B2, B3, B4, are as given. in equations (34).· ·{If 
.we desire the undamped solution, simply set c0 = 0, or equiv-
alen~ly, a2 = 0). 
- .. -,,_- _!.!._~ ~_...... _.....__ -
.. \
Finding the critical displacement requires first knowin-g ·----- · ~. ~-------- .. 
the strain energy and kinetic energy of the vibrating arms: 
3 E I .r 2 2 t· .. , 
. ·u _ a u cos w { aB2 ·+ B B } 
· ~ 8B 2 a 2 l 3 3 
(38) 
·,1. .. 
I :, r,-': ' 
and 
• I 
. . . ·,, .. 
-, __ .... ~--.~----.-.::..:... .. ____ ,-.. - ........ __," - - •,·-'-""'··---. ,.-.-. -· . 
. 
- . 
. ' 
·-·~··· 
' ..... ,e.,:. -~:. . -'-f _;_·;...: ·•' •. ,.-.·· .. ' - • ' - • - .•• .., •• - • - ' ' - • ·'· - • t • - -. ,. 
- -19:. 
r' 
·-' 
•1--=:J - ·- - : 
(39) 
The respective derivatives are found to be: 
. . ~ 
au a 5 aEI5 2 cos 2 wt 
~, aa = 481 B2{~3B4 - 2B 2sinaa sinhaa} ' I'-':-- · ( 4·0) 
and 
a K a 4 EI o 2 s i n· 2 wt [ aa = 483 B2{aa (sina~ -3 sin h aa) B.1 
( 41) · · 
\. 
.. 
I Already, from the previous analysis, at the&displaced end 
w(O,t) (42) 
But also, 
w(O,t) = oCOSwt (43) 
-~ 
so that 
·:· ... ~. 
(44) 
and the work is given by .1., •. 
I. 
Th~ required_, derivative with respect to crack length of 
·the work: 
. . .. 
-,-,. .. :.'' ·_;, ', ...• -,~'."'.:~,L-~ ,,,...,,~--•;"'""'~':n. 0 - ••• . , .: .•:.,:h, .C, , H • •• ·•:· ,: ,_ .. -•·•••-<·.,.I "',"'· -1.•1..',•1•,' •. _ _,.,,,,.,.•;i._ ... " •-1,•,'•'-., ,. ' -·•· ·".,~ •• ',,-,., •, 
,', • '1 : • ' • ' ; ; I 
,, 
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,. 
. - - -~--_-----,-., .. =- ·-· -~---- -- --- - -- - -- . --
. ! 
' . 
... 
'11., 
- - . . I; 
a e: 
-
- -
- ' 
·.\' •• >,_ aa 
The critical displacement.will be the solution of 
ae: =au+ aK + as 
aa aa aa aa 
where again, 
- S = yba 
.-:_ __ . 
,· 
.. -
Solving for the critical ·displacemen·t, we find 
, .. 
-. 
-~:..: ... 
and normalized with respect to the static case, 
. ' ...... , 
0 2-~ 
er 
.. 2 ., -0 ::.STATIC 
l 8B 3 
= 82 (aa~4/{(2B 2sinaa sihhaa - s3s4)aa 
• 
(46) 
( 47 )_ 
~-
- ( 48) 
( 49) . 
Noting that the natural frequencies ,n this case occur 
where 
• ,i 
. -
(CD 0): 83. • coshaa sinhaa 0 - - s1naa cosaa --
1<:·J 
or 
' i 
tanaa = tanhaa (50) 
• - • __ ,,·,.-,.,,,•;----·"''.""""';""""~J.,,-,-~:.,, •. ,. ,,.;:'-·~·.,,,,~,,L"~-~-·---'-; .,,_. ................. ·.··~-.··-, -.··· ......... -,, :: .· -~ :.-.·.· 0: ..,.__,,;,__ ' __.. _,;' •' ,.,_ ··-··· ,,..,<., ...... ,,, •00 0 " 
" ' . . : ' 
" .. ···~'.· ·.<_21~··· 
..(' - -
. r 
· Evidently, qualitatively the response to this forcing function 
' " :,., . .,,,. 
is similar to that of the shear loaded model, particularly at 
the natural frequencies, but, considering a similar range of 
damping values as before, there is no peak prior to the first 
·-- natural frequency, but rather a continuous decrease to a min-
imum at the first natural frequency, and then following a 
pattern of peaks and minimums si~ilar t~ that found in the 
4 
rl.;.,\1,1>,1,,, •,I' I ',I I', I ",O' ''' , L '• I, • 
previously consid~r~d case, (Figure IX). Note, a~ well, that 
. ,. 
the peaks are less than the statically required.displacement, 
and appear to decrease monotonically. 
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Part IV 
~ . 
.. .-, . . 
:, ·, . -:.· - ,.: . 
• I ' S ·~ • ;' • 
Moving Cracks 
The analysis considered here is based on ·that considered 
by Gilman [3] and Berry [4], in which an energy balance serves 
to determine the velocity of a propagating crack. 
, 
At rest, the energy of the arm is 
( 51) · 
where a0 denotes original crack length. Oscillation of the 
arm at this point, but holding the crack fixed, increases the 
energy to 
':... ... 
(52). 
When the crack runs, we have 
H2 = S0 + yba + U(a) + KTOT(a) (53) 
where KTOT(a) includes the kinetic energy of the running crack, 
and a is the instantaneous crack length. The work done to 
get to this state is 
L· . 
- -- - - - -,---------~~--- "-·----,,· • ~- ~ __ .L _________ _ 
* 
'I 
' ·-·· 
- wa (0,t)] coswt 
0 
( 54) . 
..,..1 •. 
,_ . 
r 
.,··.• 
* wa(O,t) is the displacemen·t at·:the end, with the constants ... i 
•: . :-.... • 
B1, B3 being functions of a.a, whereas in wa (O,t), B1, B3 are 
functions of aa 0 •. 
0 
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-·· ------ .. --,-- . - --~=----~---·-,,:_-, .• ·•-·.-· .. · ... · :'i"". -:--~,_,,,--_ '-.--·~,-._--~---';'"',-·:·-- ,--_---.-- --···-···--, , -, 
. l_. 
···1 
·But we must have 
. •.· ·. ·. ·1 
., ,,--
and hence: . •'('·' : ,' •-'" 
( 56) 
~-
When the crack moves, the kinetic energy must be derived 
from the total time derivative of w(x,t), which is: 
dw =aw+!! v dt at aa • a -- __,. ('57) 
da 
where Va· = cit'. the velocity of -the moving crack tip. 
Hence, 
•. ,.;{ 
r. ·~. -
a dw 2 1 a 2 . 
=} p·oA J [cit] dx = 2 PoA J (aw) dx 
o - o at 
. ( 58) 
( 
Computing .each of these terms, we find that 
I, 
-- K . 
.. · -TOT .. - .~ ,:. ' 
·. -24-
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-·- ~----
,; 
I·· 
-'1 
i 
J. 
' 
:;. 
~-'· I 
• I 
·-: fi!...:-." 
' ' ' . . ' ' 
I ,,• 
·- ·: .~ ,. ::; 
., 
Substitution of all the expressions t·or strain energy, kinetic 
energy, and displacement into equation {56): 
p2cos2wtB 3 + 3P 2B3 (a0) P2 cos 2w;B 3(a 0 ) 
- B 1 48 1 { a O) + B 1 ( a O) 
· Should we desire.the velocity when coswt = 1, setting 
6 E I y b .. / P 2 = . n a 2 : 
. . 0 
. . 
B~ 
- sz aa 
1 
; ··-,·r, . 
(60) 
• 
--------. -. ----- ---,-,=~~-:--,-~--7-- . -
i 
I 
I \ 
.. -' . 
t 
Although little further investigation was made.in this 
direction~ it is noteworthy that this equation (61) ho--lds_ 
.(61) 
' ·" 
,- . , .. , 
whether or not damping is included. The nature of the equa~ 
; 
.. . J-·· ,. ,·i ·, - . 
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. ' ·- .. 
. . . - ---------- ' ~
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.. 
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- . -
- - . ' - . ' -
- - --
tion simply becomes complex when the viscous damping is con-
sidered. Note also that perha.ps contrary to intuition, the 
crack appears to grow most slowly at the natural- frequencies, 
evidenced by the appearance of (B 1) 4 in the numerator of the 
coefficient. However, there are also terms in the denominator 
which will approach zero at frequen·cies when B1 is not zero, 
in particular B1(a 0 ), so that the original length, present 
length and frequency of oscillation combine to fa.rm a rather 
complex represent~tion of the velocity of the propagating 
crack . 
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Appendix I · 
In this dynami·c system,. the krinetic and strain energies 
may be related to the total work done on the system, similar 
to the Clapeyrori Theorem in the static case. 
It" can be easily shown [9] that· 
·v 
f T.u.da = 
- 1 1 
I 
J · ( r . • , . u • + T • • e . . ) ·d t 
. 1J J 1 lJ lJ . 
T. . 
•• 
. .:. .. 
. . 
... 
== f (poui ui -
T 
F • u . + 2w ) d T . 1 1 (62) 
where F. are the body forces per unit volume, , 
w is the strain energy per unit volume, 
and 
-.;-· 
" 
·r 1 the surface, -forces per unit surface area. 
The total work done on the sy~tem is 
. 
... 
. ·' 
so that 
r .. 
(63) 
. . - ·-
- ·- ----.----~· 
•.• 
. t = 2U + f p 0 u1u1d-r 
! . 
T 
I. • 
I .. 
where ·the stratn energy 
U = / WdT 
T· 
..-..... -- -- ,-,,--.t--r-- -;--U"";r'.-_ 
.-
, I , ,::, ...-· 
. -, 
-
·.· - ," 
., . " 
'··-
------------------ -
(64) 
' 1 
(65) 
1 
• I 
. . 
' I; 
' ::-,• .· 
....... ' 
,· .. · 
.1·1 
.~: 
For this partitular problem, recall that the displacement 
•· . 1S 
'•. : ' 
U ( X , t) = W ( X ·, t) = W ( X ) COS wt ,, I • , .. - ' ', '. ' . . 
·t.' . 
:~-, 
· and noti~~ that 
and 
-
•• 
u(x,t).= - w2W(x)coswt 
a .. 
= f Ap 0 u(x,t)u(x,t)dx 
0 
-
-
.a 
(p 0Aw 2 cos 2 wt) J [W(x)J2dx· 
0 
. 
Recallfng the kinetic- energy integral, 
- l l a • • • K f u.u.dT I [u(x,t)] 2 dx - 2 PoA - - p 2 o 1 1 
-'I ...., 0 J' 
1 
noting that •. 
• 
u(x,t) -
- -
wW(x)sinwt · 
· ·substitution into equation (69) yields 
. . a 
K = <J Ap 0oo2sin 2wt)·J [W(x)]2dx 
. 0 
' :. . ~ -
l,( I' ,; ' : ' ,·,,-,'' 
·. I,'' .' . 
· . and so 
-28- . 
' . 
·.' .; ~- . . . ~' .. 
•' 
' .. 
(66) 
(67) 
( 68) 
I 
(69) 
.- ~ 1' 
.... ·.i': . 
· (70) 
\ . 
.. 
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.···, ! 
. l 
(. 
·' 
a 
•• J u1 u1 dT = (pro 2si n2 wf) J [W(x)] 2 dx 0 T 
.a. 
J [W(x)] 2 dx = 2K 
0 
a 
'"p 0 Aro 2 J [W{x)] 2 dx 
0 
' .. .I. • 
-~' .. ; 
·(71) 
• ' . I . 
.r· 
. ····, 
-.Finally, the· general expression relating the work, kinetic 
energy, and strain energy is given by 
" J f.u.dt + I y: U. da - 2U + 2K , , .· , 1 
L° E 
a 
- p-··.Aw2 f [W(x)]2dx 
' 0 
0 
I' 
.• 
',•_ . ' ;:' . ' .:;-
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, Appendix I I 
We may note that the ratio of stress i~tensi,ty factors, 
·,, dynamic to static is equivalent to using the ra'tio of critical 
loads, dynamic to static; from the nature of the static stress 
intensity factor, proportional to PSTATrclfi, the dynamic 
stress intensity factoF will -be the same proportion to 
p_er/ ra' and hence' 
.. ' ... 
~ ' 
• 1; • 
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